A difference scheme of Landau-Lifshitz LL for short equations is studied. Their convergence and stability are proved. Furthermore, a new solution of LL equation is given for testing our scheme. At the end, three subcases of this LL equation are concerned about, and some properties about these equations are shown by a numeric simulation way.
Introduction and the Number Scheme
The LL equation 1 has aroused considerable interest among physicists and mathematicians. For the one-dimensional case, there have been many contributions to the study of the soliton solution, the interaction of solitary waves, and other properties of the solitary waves 2-4 . However, we point out here that it will be a more challenging task study the high-dimensional dynamics 5, 6 about LL equation. In the classical study of ferromagnetic chain, we often consider the following system vector form :
where "×" denotes a 3-dimensional cross product. The isotropic Heisenberg chain 2 is the special case of 1.1 . Moreover, another special case of 1.1 is the LL equation with an easy plane ∂u ∂t u × Δu u × Pu , P diag{P 1 , P 2 , P 3 }, P 1 ≤ P 2 ≤ P 3 .
2
Discrete Dynamics in Nature and Society Equation 1 .2 has been studied by the inverse scattering method in 7 . Its integrability theories 8 are established. As far as we know, no explicit solutions of 1.2 are given by various direct methods such as Jacobi elliptical function method 9 . Therefore, the numerical method to study this equation and its more generalized form, which gives some of the visual characteristics of equations, is necessary. However, we do not intend to construct efficient or optimal control and high-precision algorithms 10-15 here. In this paper, we are concerned about the convergence of the discrete scheme. Furthermore, we hope that by means of numerical simulation, more intuitive understanding of the nature of the equation will be obtained.
For universality, we consider the following system with the Gilbert damping term which covers the above situations. The periodic condition is about the space variables x ∂u ∂t
where the spin vector u x, t u 1 , u 2 , u 3 T is a 3-dimensional vector-valued unknown function with respect to space variables x x 1 , x 2 , . . . , x n and time t, and period about u x, t is 2π. f x, t, u is continuous with respect to x, t, and u. u 0 x is the initial value function which is also a 3-dimensional function.
Although the existence of the global attractor of 1.3 has been proved in 16 , no exact solutions have been proposed as far as we know. In this paper, we give an exact solution of it, which can test the property of numerical scheme of 1.3 . From a physical point of view, the value of u x, t is finite, just like the situation which is mentioned in 5, 16 . In this section, we just suppose that |u x, t | 1 for convenience. So the first equation of problem 1.3 is equal to the following form:
where ∇u u
Furthermore, we consider a more general type of Landau-Lifshitz equation as the variety of 1.4 : For convenien, we discuss our scheme in one-dimensional case which the ndimensional case can be discussed similarly. Firstly, we give some notion and symbol. Set Ω 0, 2π , J is a positive integer. We divide the region Ω × I as a discrete mesh which h 2π/J in its space step and k in its time step. Define the discrete inner product and norm as follows:
We define the following finite difference approximations of derivatives along the space direction:
Similarly, we can define the derivatives along the time direction and the Laplace operator: Under the definition and the symbol setting as above, we now define a finite difference approximation of 1.6 by
1.9
Obviously, according to difference approximation 1.9 , we can start from the zero layer to any layer about u n n 1, 2, . . . , T/k .
Existence of the Solution and the Stability of the Scheme
For studying the convergence and the stability, we first introduce several lemmas.
Lemma 2.1. Considering mesh-function u n , v n defined on mesh-points, one has the following relationship:
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Lemma 2.2. Let A u stand for an antisymmetric matrix, v is the three-dimension vector, then the following relationships hold:
Let U x, t denote the solution of 1.6 here U x, t will be regarded as a function with smoothness in some degree . U n j denotes the value of U x, t on x j , t n .
T denotes the value of n-layer mesh about U x, t . 
Definition 2.3. One has
C 0 b R 3 , R 3×3 B u ∈ R 3×3 | B u < ∞, ∀u ∈ R 3 , C 1 b R 3 f u ∈ R | f u ∞ f u ∞ < ∞, ∀u ∈ R 3 .
Lemma 2.4. Assume that
A u ∈ C 0 b R 3 ; R 3×3 and U ∈ C 0 I;ε > 0 α 1 g U n x U n − g u n x u n , e n f U n − f u n , e n ≤ ε e n x 2 α 2 1 M 2 2 M 2 3 4ε α 1 M 4 M 0 α 1 e n 2 ,
2.9
Lemma 2.7. One has
2.10
Proof. According to 1 and 2 of Lemma 2.1, we have
M 0 e n .
2.11
Definition 2.8.
According to the lemmas mentioned above, we now come to discuss the convergence of difference equation 1.9 . 
then there exists a positive constant C i i 1, 2, 3, 4 which independent of h and
furthermore,
where
Proof. According to the condition, the solution of 1.6 U ∈ C 2 I; H 
2.16
Just like the method mentioned in 17 , we can assume that
Conveniently, we can denote A * u as A u and g * u as g u . By Lemmas 2.4 and 2.6, 1.9 can change into the following form:
2.17
In the following part, we propose the estimation about e n t of 2.17 . By Lemmas 2.5 and 2.7 and 2.15 , we have
2.19
where 
According to 2.17 and the condition given in Theorem 2.9,
2.22
By e 0 0 and Gronwall inequality, we have
2.23
By 2.22 ,
2.24
So we have 
2.26
So by 2.23 and 2.26 , when
where ξ x − t, s 0 0. In fact, we found that 3.2 is the solution of 1.3 , where ξ ax − bt c, s 0 0. As far as we know, exact solutions of this case were still not constructed. For the simplicity, we have omitted the details of our constructing. In accordance with 3.2 , the initial and boundary conditions of this equation can be proposed. Let us first consider a domain x ∈ 0, 6π with the Dirichlet boundary condition on the spin vector. We have implemented 3.1 where k 0.0001, h 1/5 in numerical resolution. Figures 1 a and 1 b show the numerical solutions in time t 0.1, and t 0.5 respectively.
From Figure 1 , we observe that the numerical solutions exhibit an irregular changing at the beginning of the space steps. This will happen in the range of probably 1-10 space steps in Figure 1 a as well as mainly in 1-20 steps in Figure 1 b . This can be seen more clearly in Figure 2 which exhibit the error about the solution in Figure 1 Observed from Figures 1 and 2 , probably from the 10 or 20 space steps, the numerical solution is credible. But from then on, the creditable region about the solution is gradually shrinking when the time increase. At space step 50, by amplifying solution error image Figure 2 , we found that the magnitude of error is approximately 10 −4 which is consist with our Theorem 2.9. These details can be seen in Figure 3 .
ii Setting α 1 α 2 1, and f x, t, u 0 in 1.3 , the solitary solution which proposed in 19 can be written as 3.3 here we can set δ 2 . For this case, according to 3.3 , the initial boundary conditions can be given in our numerical scheme 3.1 . Furthermore, we mention here at 3.3 is not a periodic solution, but we can extend the problem into a periodic one. In fact, we take the truncated domain as Ω 0, 4π . u j 4π, t ≈ 0 and the smoothness of the solution ensure the extend can be done. Thus the finite difference scheme 3.1 still can be used for computation. Figure 4 shows the numerical solution in the t 0.3 and the corresponding error image. Seen in Figure 4 , we find that solution error is quite large. Therefore, we suspect that 3.3 which is proposed in 19 is not correct. Moreover, a simple symbol computation by Maple confirms our speculation: solution is convergent. Nevertheless, for a better estimation, we should try to use other methods to estimate convergence rate of the discrete form solution. From Figure 5 , we found that the evolution of u 1 and u 2 is similar to subcase i mentioned above; compared to subcase i , the evolution of u 3 exhibits a larger undulate behavior.
